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ABSTRACT
The system frequency response (SFR) based method has been widely developed and applied for the modelling of transient pipe flow and the
assessment of pipeline system conditions. The linearization assumption is commonly imposed for the nonlinear turbulent friction term in the SFR
model. Previous studies have demonstrated the impact of the linearization approximation on the accuracy of SFR-based modelling and analysis.
This paper aims to improve the traditional SFR-based method by incorporating the nonlinear component of the friction term in a two-step analytical
extension of the SFR expression. Numerical comparisons with the method of characteristic (MOC) highlight the improved accuracy that the extended
SFR result provides over the traditional approach under various flow conditions.
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1 Introduction

Transient waves are fast moving elastic shocks that travel at high
speeds in pipeline systems (e.g. around 1000 m s–1 in elastic
pipelines). They are generally triggered by planned or acciden-
tal flow changing events in pipe fluid systems. Transient events
may be caused by fast operations of valves, starting and stop-
ping of pumps and variations in the supply or demand of the
system fluid. These sudden changes in system flow require the
imposition of large forces to accelerate or decelerate the fluid,
and consequently are capable of inducing severe or even catas-
trophic pressures in the pipeline. In engineering practice across
a multitude of fluids systems and applications, transient flows
exert decisive influences on practical aspects of engineering

design and operation of pipeline systems, such as structural (e.g.
pipe broken) and functional (e.g. pollutant intrusion) integrities
of pipelines (Chaudhry, 1987; Duan, Tung, & Ghidaoui, 2010;
Ghidaoui, Zhao, McInnis, & Axworthy, 2005; Meniconi et al.,
2015; Meniconi, Brunone, Ferrante, & Massari, 2011; Wylie,
Streeter, & Suo, 1993).

It was found that small magnitude transient waves can be
used as a source of information in pipeline integrity man-
agement applications as they can move rapidly throughout a
pipeline system and their waveforms are modified by their
propagation and reflection interactions with the pipe network
components (Colombo, Lee, & Karney, 2009). Recently devel-
oped techniques for leakage and blockage detection in water
pipeline systems are utilizing the information associated with
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the transient damping and reflections (Brunone, 1999; Covas,
Ramos, Graham, & Maksimovic, 2005; Duan, Lee, Ghidaoui,
& Tuck, 2014; Duan, Lee, Ghidaoui, & Tung, 2010, 2011,
2012a; Duan et al., 2013; Ferrante & Brunone, 2003; Gong,
Lambert, Zecchin, & Simpson, 2016; Lee, Duan, Ghidaoui, &
Karney, 2013; Lee, Lambert, Simpson, Vítkovský, & Liggett,
2006; Sattar & Chaudhry, 2008; Vítkovský, Simpson, & Lam-
bert, 2000; Wang, Lambert, Simpson, Liggett, & Vítkovský,
2002). Utilization of transient data for leak detection could have
great practical significance since pipe leakage is a common and
costly water conservation and health issue in urban water sup-
ply systems worldwide. Consequently, a reliable modelling and
analysis of transient flows in pipes is important to advancing
the practical utilization of transients as a source of information
and, at the same time, minimizing their damaging impacts on
the physical infrastructures.

The modelling and analysis of transient pipe flows are
usually performed in the time domain by various numeri-
cal schemes that are widely developed in the literature, for
example, the commonly used method of characteristics (MOC)
(Chaudhry, 1987). In this model, the pipeline system needs to
be discretized by following relevant requirements of numeri-
cal stability and convergence so that the average state and time
evolution of transient waves along the pipeline are calculated
accurately. Unfortunately, the efficiency of the time domain
simulation is greatly affected by the applied numerical scheme
and the system complexity, especially when a physically-based
unsteady friction model is included in the modelling (Duan,
Ghidaoui, Lee, & Tung, 2010; Ghidaoui & Mansour, 2002;
Vardy & Brown, 1995; Vítkovský, Stephens, Bergant, Simpson,
& Lambert, 2006; Wylie et al., 1993). Another commonly used
method for the simulation and analysis of transient pipe flows
is the frequency domain analysis. Various types of frequency
domain analysis have been developed in the literature, includ-
ing system frequency response (SFR), impedance matrix (IM)
and impulse response (IR) methods (Kim, 2007; Lee, Duan,
Ghidaoui, et al., 2013; Vítkovský, Lee, Zecchin, Simpson, &
Lambert, 2011; Zecchin, Lambert, Simpson, & White, 2010).
The accuracy of frequency domain analyses is affected by the
linearization approximation of complex effects such as turbulent
friction and valve dynamics. Lee and Vítkovský (2010) quanti-
fied systematically the linearization errors of the valve operation
and steady friction effect in the frequency domain analysis for
transient modelling. Lee, Duan, Vítkovský, Zecchin, and Ghi-
daoui (2013) investigated the inaccuracy of the transient line
modelling due to the discretization in both time and frequency
domains. Furthermore, the study of Lee (2013) also indicated
that the transmission line model deviates significantly from the
MOC when the system dynamics are represented in a head-flow
plot, with the difference increasing with the wave magnitude.
These previous results have demonstrated the significance of
the linearization approximation in the current frequency domain
analysis methods.

In recent years, the frequency domain analysis method has
become more popular for the diagnosis and analysis of tran-
sient pipe flow systems and also in pipeline condition assess-
ment (leakage and blockage detection) (Duan & Lee, 2016;
Duan et al., 2011, 2012a, 2014; Duan, Lee, Ghidaoui, & Tung,
2012b; Duan et al., 2013; Ghazali, Beck, Shucksmith, Boxall, &
Staszewski, 2012; Gong et al., 2016; Lee, Vítkovský, Lambert,
Simpson, & Liggett, 2005). In particular, transient responses of
various pipe defects (leakage and/or blockage) could be effi-
ciently incorporated into the frequency domain model, and their
impact on the response can be separated from other system
effects. These defects can be identified and detected inversely
through this process. For example, the SFR-based method has
been developed and used in the literature for the detection of
pipe leakage and blockage as well as unknown branches in pipe
systems (Duan & Lee, 2016; Lee, Duan, Ghidaoui, et al., 2013).
Again, these applications have demonstrated that the accuracy
of frequency domain analysis for pipe system diagnosis is of
great importance and the linearization approximations imposed
in the development of these methods will need to be studied in
greater depth. The aim of this paper is to develop a method for
mitigating the errors associated with the linear approximation in
the frequency domain models such that nonlinear friction effect
and complex device operations can be accurately represented
and modelled.

This paper first derives and extends the SFR method by
including the nonlinear turbulent friction effect and the results
are compared to the original linearized SFR method and the
MOC-based numerical results. Finally, the results and findings
of this study are discussed in terms of the accuracy in transient
pipe flow modelling as well as the practical implications of tran-
sient system analysis (such as pipeline diagnosis) in urban water
pipeline systems.

2 Models and methods

For clarity, the transient flow models, analysis methods, as
well as the common assumptions used in previous studies are
summarized and presented in this section.

2.1 One-dimensional transient model

The one-dimensional (1D) transient model is used in this study
for the time domain numerical simulation and frequency domain
analytical analysis, with the governing equations given by
(Chaudhry, 1987; Wylie et al., 1993):

gA
a2

∂H
∂t

+ ∂Q
∂x

= 0 (1)

∂Q
∂t

+ gA
∂H
∂x

+ πD
ρ

τw = 0 (2)
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where H is pressure head; Q is flowrate; a is wavespeed; t is
time; x is spatial coordinate along pipeline; D is pipe diameter;
A is pipe cross-sectional area; g is gravitational acceleration; ρ

is fluid (water) density; τw is pipe wall shear stress, which can be
divided into two parts as (Vardy & Brown, 1995; Zielke, 1968):

τw = τws + τwu (3)

with τws and τwu being the quasi-steady and unsteady com-
ponents of τw, respectively. For turbulent flows, the quasi-
steady wall shear stress is commonly simulated by the Darcy–
Weisbach equation as (Ghidaoui et al., 2005):

τws = ρf
8A2 Q|Q| = sign (Q)

ρf Q2

8A2 (4)

with f being the Darcy friction factor at initial flow state and
sign() for the sign function. For modelling the unsteady wall
shear stress, the weighting function based (WFB) model is
adopted in this study, which is given by (Vardy & Brown, 1995,
2003):

τwu = 4ρν

DA

∫ t

0
W(t − t′)

∂Q(t′)
∂t′

dt′ (5)

where W(t) = φe−lt/
√

π t is weighting function with φ, l

being convolution coefficients for various flow regimes,

with φ = D/4
√

ν, l = (0.54νkR)/D2 and kR = Rlog(14.3/R0.05
e )

e ;
Re = QD/Aν is Reynolds number; ν is kinematic viscosity; and
t′ is a dummy time variable.

The MOC scheme is used for the 1D numerical simula-
tion in the time domain (Chaudhry, 1987), where the nonlinear
turbulent friction term in Eq. (4) is treated discretely by a
second-order approximation and the unsteady friction term in
Eq. (5) is dealt with by the full convolution of historical time
effect (Vardy & Brown, 1995; Wylie et al., 1993). The MOC-
based numerical simulation method has been widely studied
and fully validated for its accuracy and validity in the litera-
ture (Ghidaoui et al., 2005) and is used as the benchmark for the
evaluation of the extended SFR-based results in this study.

2.2 SFR result by transfer matrix method

The frequency domain equivalence of the 1D transient model
can be obtained by applying the transfer matrix analysis after
considering the linearization of the turbulent friction term, and
the results can be obtained as follows (Chaudhry, 1987; Lee
et al., 2006):

{
q∗

h∗

}D

=
⎡
⎣ cosh(iμl)

1
Z

sinh(iμl)

Z sinh(iμl) cosh(iμl)

⎤
⎦ {

q∗

h∗

}U

(6)

where q*, h* are transient flowrate and head in the frequency
domain; l is the length of uniform pipe section; superscripts U,

D indicate the quantities for upstream and downstream ends of
uniform pipe section; i is the imaginary unit; μ is wave propa-
gation operator; and Z is characteristic impedance. Considering
the linearized steady friction effect:

μ = ω

a

√
1 − iRs; Z = − a

gA

√
1 − iRs (7)

where ω is frequency; Rs is linearized steady friction resistance
factor, and (Lee et al., 2006; Mpesha, Gassman, & Chaudhry,
2001; Sattar & Chaudhry, 2008; Wang et al., 2002):

Rs = fQ0

ωDA
(8)

Note that the steady friction term for turbulence pipe flows
is second-order nonlinear, which is very difficult to con-
vert directly into the frequency domain, and therefore a
linearization of this term has been applied for obtaining
the above results. That is, it assumes that qt � Q0, or
qt* = qt/(Q0 + qt) � 1, where qt and Q0 are the transient flow
part and the initially steady (pre-transient) flow part, and qt*
is the percentage of transient part in the total flow, so that
in Eq. (4):

Q2 = (Q0 + qt)
2 ≈ Q2

0 + 2Q0qt (9)

As a result, the nonlinear turbulent friction term in Eq. (4) is
simplified into a linear function for the cases of small-amplitude
transient flows, which can then be explicitly converted into the
frequency domain by Fourier transform, as given in Eq. (8) (Lee
et al., 2006).

In particular, for the simple pipe system in Fig. 1, the SFR
can be obtained by applying the boundary conditions to Eq. (6)
and the transient pressure head is given as (Duan et al., 2011;
Lee, Duan, Ghidaoui, et al., 2013; Lee et al., 2006):

h∗ = Z
sinh(iμl)
cosh(iμl)

(10)

Note that Eq. (10) represents the transient response (pressure
head) per unit input perturbation (e.g. unit discharge variation at
the downstream end in Fig. 1). The nonlinearity of the valve
orifice relationship is not considered in the following study,
in order to highlight and investigate the nonlinear friction effect
in this paper. To this end, a known discharge curve (as shown in
Fig. 1) is imposed to the downstream end.

Figure 1 Schematic of reservoir-pipeline-valve system
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3 Extended SFR for nonlinear turbulent friction

Considering the nonlinear turbulent friction term as in Eq.
(4), and applying the similar frequency domain analysis pro-
cedure (note: the detailed derivation process is provided in
the appendix), the transfer matrix result can be extended and
obtained (termed as extended SFR result, denoted by subscript
“E” in this paper) as follows (i.e. Eq. (A.30) in the appendix):

{
q∗

h∗

}D

=
⎡
⎣ cosh(iμEl)

1
ZE

sinh(iμEl)

ZE sinh(iμEl) cosh(iμEl)

⎤
⎦ {

q∗

h∗

}U

(11)

where μE and ZE are transient wave propagation opera-
tor/coefficient and characteristic impedance for the extended
SFR result, and:

μE = ω

a

√
1 − iRE , ZE = − a

gA

√
1 − iRE (12)

in which RE is the extended friction resistance factor, and:

RE = Rs1 + Rs2 + Ru (13)

with Rs1 and Rs2 being the linear (first-order) and nonlinear
(second-order) steady components of extended friction resis-
tance factor; Ru being the unsteady friction resistance factor.
The derivations of these factors are provided in the appendix.
Specifically, from Eq. (A.22) given in the appendix, it has:

Rs1 = fQ0

ωDA
; Rs2 = f q0

2ωDA
; Ru = 16iνϕ

D2
√

l + iω
(14)

where q0 is the initial flow change for generating transient (i.e.
induced transient flow part). The relative importance of these
different frictional components to the transient modelling is
analysed in detail later in this study. Accordingly, the extended
SFR result of the transient pressure head can be obtained for the
simple pipe system in Fig. 1 as:

h∗
E = ZE

sinh(iμEl)
cosh(iμEl)

(15)

This result clearly shows the only difference between the orig-
inal and extended SFR results is the influence of nonlinear tur-
bulent friction to the transient characteristic impedance (ZE) and
wave propagation coefficient (μE). This influence is analysed in
detail later in this paper.

4 Scaling analysis of different friction component effects

Based on the derived results of the extended SFR in Eq. (11)
through Eq. (14), the scaling analysis can be conducted as in
the previous study of Duan, Ghidaoui, Lee, and Tung (2012).

The scaling analysis results of Eq. (14) are summarized as
follows:

(1) For quasi-steady friction effect:

Rs1 ∼ f Re0
Tw

Td
= f M

L
D

; Rs2 ∼ f Ret0
Tw

Td
(16)

where Re0 = Q0D/Aν is Reynolds number for initially
steady (pre-transient) state; Ret0 = |q0|D/Aν is the criti-
cal Reynolds number for the generated transient flow state;
M = Q0/Aa is Mach number; Tw ∼ 1/ω ∼ L/a is longitu-
dinal wave time scale; and Td ∼ D2/ν is radial kinematic
(turbulent) diffusion time scale. Note that Ret0 represents
the corresponding transient extent occurring in the system.

(2) For unsteady friction effect, its importance is dependent on
the flow condition parameter l, which is function of Td and
Re0, in the WFB model of Eq. (5), as:

(2.1) if (Re0Tw/Td ∼ Q0L/aAD) � 1, then:

Ru ∼
√

Tw

Td
(17a)

and therefore, Ru > Rs = Rs1 + Rs2 according to Eq. (16),
which means the unsteady friction component becomes more
important to the wave envelope attenuation than the total quasi-
steady friction effects (including linear and nonlinear parts);

(2.2) otherwise for (Re0Tw/Td ∼ Q0L/aAD) ∼ 1 or �1:

Ru ∼ 1
Re0

Td

Tw
(17b)

which results in Ru < Rs = Rs1 + Rs2. Under this condition,
the quasi-steady friction effect is more significant than the
unsteady component in the transient modelling.

In fact, this analysis result in Eqs (16) and (17) is consis-
tent with the well-known behaviours of transient pipe flows in
that the nonlinear friction effect (Rs2) relies largely on the gen-
erated transient intensity (Ret0) and the system scale conditions
(Tw/Td), but has little relationship with the initial (pre-transient)
flow condition (Wang et al., 2002; Zecchin et al., 2010). How-
ever, this result is different from the previous findings in the
literature with regard to the effect of linear steady and unsteady
components that depend potentially on both the pre-transient
and transient conditions (Chaudhry, 1987; Duan et al., 2012;
Vardy & Brown, 1995). Based on the analysis of transient mech-
anism and evolution process in Duan et al. (2012), this obtained
result demonstrates that the nonlinear component of steady fric-
tion affects mainly the instantaneous change of the transient
trace envelops (e.g. pressure head) by suppressing the effect of
the generated transient turbulence and radial diffusion on the
transient change (for example, pressure head recovering during
the decelerating flow stage) during the successive wave-front
passes. Therefore, the inclusion of this nonlinear friction term is
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important to further the understanding of the complex physics
of transient pipe flows, especially for transient wave–turbulence
interaction.

Furthermore, based on the derived analytical results, the
relative contribution (denoted herein by η) of the nonlinear
(second-order) term to the total quasi-steady friction damping
(first-order and second-order) can be evaluated simply by the
ratio of these respective resistance factors, as:

η = Rs2

Rs1 + Rs2
= q0

2Q0 + q0
= Ret0

2Re0 + Ret0
(18)

Clearly, the result of Eq. (18) implies that the relative impor-
tance and contribution of the nonlinear steady friction term to
the total frictional damping is highly dependent on the ratio of
the generated transient intensity to the initial (pre-transient) pipe
discharge. Moreover, the result of Eq. (18) also gives an impli-
cation on the assumption used in the linearized SFR result of Eq.
(7), that is, η � 1 (or q0 � Q0) for giving Eq. (9), so that the
nonlinear steady friction effect can be ignored as conducted in
many previous studies (Duan et al., 2011; Ferrante & Brunone,
2003; Lee et al., 2006; Mpesha et al., 2001; Sattar & Chaudhry,
2008). On this point, the accuracy and validity of the lineariza-
tion approximation applied originally for the linear SFR method
is basically governed by the parameter η herein.

Consequently, the above analytical results and analysis indi-
cate that: (1) the linear quasi-steady friction effect is more
significant than both the nonlinear steady friction and unsteady
friction effects for the transient cases with relatively large initial
flows (e.g. highly turbulent flows) and relatively small transient
intensity (e.g. small perturbations). Under this situation, the lin-
earization assumption becomes valid and accurate for transient
modelling and analysis. Otherwise, the nonlinear friction term
should be included in the SFR-based modelling and analysis;
(2) the unsteady friction effect becomes less important for rel-
atively large scale pipeline systems (e.g. large Tw/Td or L/D),
while nonlinear quasi-steady friction effect is more important
for systems with relatively long and small-diameter pipes and
highly intensive transients.

5 Further analysis of the importance and influence of
nonlinear turbulent friction

Despite the fact that the qualitative insights obtained from the
derived extended SFR results in this study, in terms of the
importance of nonlinear turbulent friction to transient modelling
and analysis, have been widely observed and well expected
from previous studies (Ghidaoui et al., 2005; Lee, Duan, Ghi-
daoui, et al., 2013; Wylie et al., 1993), it is useful and necessary
to examine the quantitative trend of its dependence on differ-
ent parameters under various system and flow conditions, in
order to provide a usable and reliable frequency-domain mod-
elling method for full turbulent friction effect. Prior to such

systematical analysis, it is a good start to validate the accu-
racy and validity of the extended SFR-based method through
the comparison with the traditional MOC-based simulations.

5.1 Comparison with MOC-based numerical results

The numerical test is conducted based on the MOC-based
simulation for the transients caused by full open-and-closure
operations at the downstream end, shown in Fig. 1 with a wide
frequency bandwidth for various flow conditions (Re0) (e.g.
q0* = q0/Q0 = 1). For illustration and validation purposes, the
simple pipe system of reservoir-pipeline-valve as shown in
Fig. 1 is used for the analysis, with the pipe parameters given
in the figure. The pipeline is assumed to be smooth and the ini-
tial friction factor (f ) is determined by the Colebrook–White
equation. The numerical results of transient frequency responses
are obtained by the frequency sweeping method based on the
MOC-based 1D model in Eqs (1) and (2) (Lee, Duan, Ghidaoui,
et al., 2013). In fact, many previous studies (Chaudhry, 1987;
Duan et al., 2013, 2014; Gong et al., 2016; Lee, 2013; Lee et al.,
2006; Wylie et al., 1993) have found differences between the
observed results (e.g. by experimental measurement or MOC-
based numerical simulation) and the SFR-based transmission
modelling results, which is further verified and analysed in this
section. To maintain the accuracy of MOC-based results in the
frequency domain, a relative complete transient event with long
duration (e.g. 300 wave periods in this study) is required and
applied based on the previous findings and discussion in Lee,
Duan, Vítkovský, et al. (2013). Moreover, only the relatively
low frequency domain results (e.g. first 10 amplitude peaks) are
used for the analysis, which are usually necessary and important
for the utilization and analysis of system frequency responses
(e.g. leak detection) (Lee, Duan, Ghidaoui, et al., 2013). For this
purpose, two test cases of Re0 = 104 and 105 are conducted
for the validation and analysis, and the results are plotted in
Fig. 2a and 2b respectively. More tests are conducted and dis-
cussed later in this paper for a wide range of system and flow
conditions.

It is necessary to note that, due to the requirements of tremen-
dous computation time and storage space for the convolution
process of the WFB unsteady friction model (Ghidaoui et al.,
2005; Vardy & Brown, 1995), and the purpose of inspecting
nonlinear steady friction effect herein, only the steady friction
(linear and nonlinear) effect is considered and tested for the val-
idation through comparisons of analytical and numerical results.
The influence of unsteady friction effect will be analysed later by
the validated analytical TFR result in this study. Furthermore,
for comparative analysis, two results of linear steady friction
only and total (linear and nonlinear) steady friction from the
analytical solution are plotted in each figure, to highlight the
importance and influence of the nonlinear friction effect. Over-
all, the results of Fig. 2 demonstrate that the inclusion of nonlin-
ear friction term has improved to a certain extent the accuracy of
SFR-based transient modelling. Specifically, it can be concluded
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Figure 2 SFR results by the analytical solution and the MOC-based
simulation for: (a) Re0 = Ret0 = 104; (b) Re0 = Ret0 = 105

that, compared to the original linear SFR results, much better
agreements between the extended SFR results and MOC-based
numerical results are obtained for both test cases. By inspec-
tion, the average difference of the first 10 peaks is within 6% in
comparison with the benchmark values (i.e. numerical results).
Nevertheless, small differences still exist, mainly due to the two-
step approximation method adopted for the analytical analysis in
the appendix (e.g. Eq. (A.19)), which causes the overestimation
of nonlinear turbulent friction effect. Moreover, this small dif-
ference is almost insensitive to the initial flow conditions (e.g.
from Re0 = 104 in Fig. 2a to Re0 = 105 in Fig. 2b).

The preliminary results of Fig. 2 herein have validated the
proposed nonlinear turbulent friction derivation for the SFR
model. The following sections will investigate and quantify sys-
tematically the significance of this improvement compared to
the original linearized SFR approach.

5.2 Importance of the improved SFR method

In this section, the linear and nonlinear steady friction compo-
nents are compared with unsteady friction component to evalu-
ate the importance of the proposed improvement to SFR-based
transient modelling. Specifically, the following two expressions
are defined and used to evaluate and quantify the relative contri-
bution of the nonlinear turbulent friction model in the frequency
domain:

γ1(%) = Ps1 − Ps1s2

Ps1
× 100 (19)

γ2(%) = Ps1 − Ps1s2

Ps1 − Psu
× 100 (20)

where γ 1 is the contribution percentage of the nonlinear tur-
bulence friction damping for the frequency response peaks; γ 2

is the relative importance of the nonlinear turbulent friction to
unsteady friction effect; and Ps1, Ps1s2, Psu are the frequency
domain peak amplitudes of the analytical results with linear
steady friction only, total steady friction (linear and nonlinear),
and total friction (steady and unsteady), respectively. Both Eqs
(19) and (20) describe, in different expression ways, the con-
tribution of the proposed nonlinear steady friction model to
SFR-based transient modelling in the frequency domain. Par-
ticularly, γ 1 in Eq. (19) indicates the relative importance of
nonlinear steady friction to total steady friction effect (linear and
nonlinear steady components), while γ 2 in Eq. (20) represents
the relative importance of nonlinear steady friction to total fric-
tion effect (steady and unsteady components). For clarity, the
test pipe system in Fig. 1 with the case of Re0 = 105 is applied
again here for demonstrating various parameters defined in the
above expressions, which are shown in Fig. 3 by taking the first
frequency peak herein for illustration.

According to Eqs (19) and (20), the individual contribution
and relative importance of nonlinear turbulent friction are in
principle changing with frequency peak numbers, which is also
indicated by the scaling analysis result in Eq. (18). For conve-
nience of the numerical evaluation, the first six peaks in the
frequency domain for each test case are extracted and used in
the following analysis, which represents common situations for
transient modelling and analysis (Duan et al., 2011; Lee, Duan,
Ghidaoui, et al., 2013). Based on the two evaluation methods,
the importance of the proposed nonlinear SFR model can be
quantified for various transient conditions (i.e. q0* = q0/Q0).
Taking the case of Re0 = 105 in Fig. 1 for illustration, the
contribution percentage and relative importance of nonlinear
turbulent friction effect under various transient intensity condi-
tions (q0* = q0/Q0) are calculated and plotted in Fig. 4a and 4b,
respectively.

The results in Fig. 4a demonstrate clearly the extended
SFR model with nonlinear turbulent friction term increasing

Figure 3 Illustration of SFR results for different friction component
effects (Re0 = Ret0 = 105)
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Figure 4 Variation trend of the influence of nonlinear turbulent fric-
tion component with frequency for Re0 = 105 under various transient
conditions: (a) contribution percentage to the frequency peak (γ 1); (b)
relative importance to unsteady friction (γ 2)

in importance with the magnitude of the transient event (q0*).
However, for each imposed transient flow perturbation (q0*),
the impact of the nonlinear turbulent friction model is con-
stant across all the frequency peaks (i.e. Fig. 4a). This result
again confirms the former scaling analysis result of Eq. (18)
in this study. In the presence of unsteady friction effect in
Fig. 4b, however, the contribution from the proposed nonlinear
steady friction model decreases with frequency peak number,
which indicates that the importance of nonlinear friction effect
is affected by the frequencies of incident waves and system scale
configurations.

Furthermore, to investigate the influence of the initial flow
conditions (Re0) and transient generation conditions (q0*) in
the given pipe system of Fig. 1, the contributions of nonlinear
steady friction from the first six frequency peaks of each test
(e.g. Fig. 4) under various flow conditions are averaged for fur-
ther analysis. The results are extracted from a variety of test
cases for the system of Fig. 1 and the results from the two
evaluation methods are plotted in Fig. 5a and b respectively.
On the one hand, the overall results of Fig. 5a and 5b confirm
further that the impact of the proposed nonlinear turbulent fric-
tion model is increasing with transient intensity (q0*) for all the
test flow conditions. Specifically, the results in Fig. 5 indicate
that the average impact of the model (γ 1 and γ 2) reaches over
10% when q0* > 0.3 for the whole test range of initial flow
conditions, which means that the nonlinear turbulent friction

effect is important for the frequency domain models. In other
words, for this testing pipe system in Fig. 1, the linearization
assumption is valid (for, say, γ < 1%) only when q0* < 0.02
(i.e. q0 < 2%Q0) for the whole test range of initial flow condi-
tions (Re0), posing a clear limit to the application of the results
from previous studies (Duan & Lee, 2016; Duan et al., 2012a;
Lee et al., 2006; Mpesha et al., 2001; Wang et al., 2002).

Consequently, the results and analysis indicate that the lin-
earization assumption in the SFR-based transient modelling is
highly dependent on the initial and transient flow conditions
(specifically, Re0 and Ret0). In the following study, more influ-
encing factors are examined and analysed systematically for the
effect of the nonlinear turbulence friction on the SFR results.

5.3 Systematical analysis on factors affecting the importance
of nonlinear turbulent friction

The results and analysis in Figs 4 and 5 demonstrate the impor-
tance of the derived SFR model with nonlinear turbulent friction
under various flow conditions. However, these results and find-
ings are obtained for the specific pipe system in Fig. 1. To
generalize the analysis, it is necessary to include more sys-
tem factors such as pipe scales and fluid properties (e.g. L, D,
a, f, νk).

Based on the scaling analysis in Eqs (16)–(18), it can be
summarized that the individual contribution (Rs2) of nonlinear
turbulent friction component and its relative importance (η) are

Figure 5 Variation trend of the frequency domain averaged influence
of nonlinear turbulent friction component with initial flow and transient
conditions: (a) contribution percentage to the frequency peak (γ 1); (b)
relative importance to unsteady friction (γ 2)
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Figure 6 Variation of the contribution of nonlinear turbulent fric-
tion component with initial flow conditions and system properties for
q0* = 0.5: (a) contribution percentage to the frequency peak (γ 1); (b)
relative importance to unsteady friction (γ 2)

dependent on the dimensionless parameters as follows: Tw/Td

(or L/D), f Re0 (or f M), and Ret0 (or q0*). The dependence of
the nonlinear turbulent friction model on these factors is calcu-
lated for typical ranges of these parameters in practical water
pipeline systems. The obtained results are shown in Figs 6 and
7 respectively, where the relative importance indicators (γ 1 and
γ 2) defined previously in Eqs (19) and (20) are adopted for the
analysis.

The results of Figs 6 and 7 confirm further the previous find-
ings on the dependence of the influence of nonlinear turbulent
friction component on the initial and transient flow conditions
(f Re0 and q0*). In particular, the results of Figs 6a and 7a
indicate that the contribution percentage (γ 1) of nonlinear tur-
bulent friction is almost constant with both the factors of system
scales (Tw/Td or L/D) and initial flow conditions (f Re0), but
is increasing with transient conditions (q0* or Ret0). However,
the results of Figs 6b and 7b reveal clearly that the relative
importance (γ 2) to the unsteady friction effect is increasing with
system scales (Tw/Td or L/D), especially for the highly turbu-
lent and transient flow conditions. Overall, the comparison of
the results in Figs 6 and 7 demonstrate that the influence of
nonlinear friction effect (both γ 1 and γ 2) is more sensitive to
the transient intensity condition (q0* or Ret0) than the system
scales (Tw/Td or L/D) and initial flow conditions (f Re0). In
other words, the size (or intensity extent) of the transient event is
the driving factor behind the importance of nonlinear turbulent
friction component in the SFR-based transient modelling and
analysis, followed subsequently by the factors of the initial flow

Figure 7 Variation of the contribution of nonlinear turbulent fric-
tion component with relative transient intensity and system scale for
Re0 = 105: (a) contribution percentage to the frequency peak (γ 1);
(b) relative importance to unsteady friction (γ 2)

condition (f Re0) and the system scales (Tw/Td or L/D). There-
fore, for practical water supply pipeline systems where these
three factors (Tw/Td or L/D, q0* or Ret0, f Re0or f M) are very
case-sensitive and time-dependent, it is necessary to consider
and include the influence of nonlinear turbulent friction term, in
addition to the linear steady and unsteady friction components
in original SFR, for achieving better accuracy of transient mod-
elling and analysis. From this perspective, the results of Figs 6
and 7 and the extended SFR in Eq. (15) in this study may provide
useful basis and substantial evidence for such consideration.

6 Discussion and implications of results

The results and analysis above have demonstrated the accu-
racy improvement of the extended SFR model for the transient
analysis, and, meanwhile, indicated the importance of nonlin-
ear turbulent frictions to frequency domain transient responses
under various system and flow conditions. Specifically, follow-
ing implications may be obtained from this study:

(1) Development of transient friction model, especially for the
frequency domain transient modelling and analysis. On
the one hand, the results and analysis of this study confirm
the previous understanding and results in the literature with
regard to the frequency-independence of steady friction
effect on transient responses. On the other hand, the ana-
lytical results obtained in this study may provide additional
insights for various experimental observations of more fast
and severe transient attenuation in the frequency domain
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than the traditional linear SFR results in the literature (Duan
et al., 2013; Lee et al., 2006).

(2) Application of SFR-based transient modelling and analysis
in theoretical and practical pipe systems. This study pro-
vides a systematic and scientific way to judge the cases in
which the nonlinear friction term is important or not to the
transient modelling and analysis (e.g. Figs 6 and 7). For the
cases where the nonlinear steady friction is important, the
extended SFR developed in this study can then provide an
accurate and efficient way to include this influence factor in
the modelling and analysis of these transient systems, i.e.
Eq. (15) or Eq. (A.30).

(3) Further understanding of unsteady turbulence in transients.
From the scaling analysis results in Eqs (16) and (17), it is
shown that the nonlinear steady friction (turbulence) term
is time dependent for its influence and importance, particu-
larly relating to transient intensity (Ret0) and system scales
(Tw/Td). Note that the unsteady friction was also found to be
related to these two factors in previous studies (Duan et al.,
2012; Meniconi et al., 2014; Vardy & Brown, 1995). As
a result, a scientific connection of various physical mecha-
nisms such as unsteady turbulence generation and kinematic
diffusion may be established between these two friction
components for interpreting transient evolution and process.

7 Summary and conclusions

This paper investigates the influence and importance of the
nonlinear steady friction component in the SFR-based transient
modelling and analysis. In this study, analytical derivation is
firstly conducted for improving and extending the SFR result by
including the nonlinear turbulent friction term based on a two-
step approximation method. The extended SFR result is then
validated fully by the MOC-based numerical simulations in the
frequency domain.

The obtained results of this study have provided further
evidence for and confirmation of the influence of nonlinear tur-
bulent friction on SFR widely observed in previous numerical
and experimental studies, and developed a usable and reliable
modelling method for nonlinear turbulent friction effect in the
frequency domain. Specifically, the analysis and discussion of
the results demonstrate the improvement of the accuracy and
validity of the extended SFR result for representing the nonlin-
ear steady friction effect. Moreover, the scaling analysis for the
extended SFR result indicates that the potential influence and
importance of nonlinear steady friction term is highly dependent
on the factors of transient intensity and system scales.

Furthermore, based on the extended SFR in this study, a sys-
tematical analysis is performed to analyse the factors affecting
and governing the contribution and importance of the nonlin-
ear turbulent friction term in the frequency-domain transmission
line modelling and analysis. As indicated from the scaling
analysis, three common factors of system scales, initial flow and

transient conditions are examined in the analysis for their typ-
ical influence ranges in practical water pipeline systems. The
application results indicate that the relative influence of the
nonlinear turbulent friction is increasing with both initial and
transient flow conditions (f Re0, q0*), but remains relatively
constant with system scales (Tw/Td or L/D) and incident wave
frequency (ω).

The results and analysis of this study may provide a scientific
basis and useful alternative to the development and utilization
of the SRF-based method for transient pipe flow modelling and
analysis, as well as pipe condition assessment such as pipe leak-
age and blockage detection in the field of urban water pipeline
systems.
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Appendix – analytical derivation of extended SFR result

Combination of Eqs (1)–(5) gives:

gA
a2

∂H
∂t

+ ∂Q
∂x

= 0 (A.1)

1
gA

∂Q
∂t

+ ∂H
∂x

+ sign (Q)
f Q2

2gDA2 + CJ

∫ t

0
W(t − t′)

∂Q
∂t′

dt′ = 0

(A.2)
where CJ = 16ν/gD2A. In transient pipe flows, the variables H
and Q can be expressed as:

H = H0 + h (A.3)

Q = Q0 + q (A.4)

where H 0 is mean pressure head; h is transient pressure head;
Q0 is mean pipe discharge (defined as positive for initial flow
state); q is instantaneous transient discharge, which is same as
the defined qt in Eq. (9) with subscript t neglected here for
simplicity.

Note that the mean quantities of discharge and pressure
head are time independent, such that the terms related to
∂Q0/∂x, ∂Q0/∂t and ∂Q0/∂t in above equations are all zero.
Therefore:

∂Q
∂t

= ∂q
∂t

,
∂Q
∂x

= ∂q
∂x

(A.5)
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∂H
∂t

= ∂h
∂t

,
∂H
∂x

= ∂H0

∂x
+ ∂h

∂x
(A.6)

∂H0

∂x
= −sign( Q0)

fQ2
0

2gDA2 (A.7)

Substituting Eq. (A.3) through Eq. (A.7) into Eqs (A.1) and
(A.2) gives:

gA
a2

∂h
∂t

+ ∂q
∂x

= 0 (A.8)

1
gA

∂q
∂t

+ ∂h
∂x

+ sign( Q)
f

2gDA2 (2Q0q + q2)

+ CJ

∫ t

0
W(t − t′)

∂q
∂t′

dt′ = 0 (A.9)

Applying Fourier transform to Eqs (A.8) and (A.9) provides:

iω
gA
a2 h∗ + ∂q∗

∂x
= 0 (A.10)

iω
1

gA
q∗ + ∂h∗

∂x
+ f Q0

gDA2 q∗ + sign( Q)
f

2gDA2 (q2)∗

+ iω
ϕCJ√

π
√

l + iω
q∗ = 0 (A.11)

where i = √−1 is imaginary unit; ω is frequency; h* and q*
are transformed quantities of h and q in the frequency domain
respectively. To solve these equations, the nonlinear term (q2)*
is determined by the following two-step approximation:

(1) Step 1: By ignoring (q2)*, Eqs (A.10) and (A.11) become
linear forms as follows:

iω
gA
a2 h∗ + ∂q∗

∂x
= 0 (A.12)

iω
1

gA
q∗ + ∂h∗

∂x
+ sign( Q)

f Q0

gDA2 q∗

+ iω
ϕCJ√

π
√

l + iω
q∗ = 0 (A.13)

Eliminating h* from Eqs (A.12) and (A.13) by:

∂(A12)

∂x
− (A13) ×

(
iω

gA
a2

)
= 0 (A.14)

leads to:

∂2q∗

∂x2 + CQq∗ = 0 (A.15)

where CQ = ω2

a2

[
1 − i

(
sign( Q)

f Q0
ωDA + igAϕCJ√

π
√

l+iω

)]
.

The solution for Eq. (A.15) has the following form (Duan
et al., 2012),

q∗(x, ω) = q∗
0e−Kxω (A.16)

where K = √−CQ/ω2is the propagation factor of transient
waves.

(2) Step 2: using the linear solution of Eq. (A.16) to estimate the
term (q2)* in Eq. (A.11) above. Particularly for transients
caused by sudden valve closure (partial or full closure):

q(x = 0) = q0(t) = qt0 (A.17)

where qt0 is transient flowrate change at x = 0 as defined
in Eq. (14). Under this condition, it has sign(Q) = 1 (i.e.
|qt0| ≤ Q0). Therefore:

q∗
0(ω) = q̂0 =

∫ +∞

−∞
q0e−iωtdt

=
∫ +∞

−∞
qt0e−iωtdt = |qt0|δ(ω) (A.18)

where δ(ω) is delta function. As a result:

(q2)∗ = q∗ ⊗ q∗ =
∫ ω

0
[|qt0|δ(τ )e−Kxτ ]

× [|qt0|δ(ω − τ)e−Kx(ω−τ)]dτ = |qt0|q∗ (A.19)

With this result, Eqs (A.10) and (A.11) can be rewritten as:

iω
gA
a2 h∗ + ∂q∗

∂x
= 0 (A.20)

iω
1

gA
q∗ + ∂h∗

∂x
+

(
f Q0

gDA2 + f qt0

2gDA2

)
q∗

+ iω
φCJ√

π(l + iω)
q∗ = 0 (A.21)

Applying the similar elimination process in Eq. (A.14)
gives:

∂2q∗

∂x2 + μ2
Eq∗ = 0 (A.22)

where μ2
E = ω2

a2

[
1 − i

(
f Q0
ωDA + f qt0

2ωDA + igAϕCJ√
π

√
l+iω

)]
.

Consequently, the solution of Eq. (A.22) can be expressed as:

q∗ = C1 sinh(iμEx) + C2 cosh(iμEx) (A.23)

where C1, C2 are arbitrary constants, which relate to the system
boundary conditions. Substituting Eq. (A.23) into Eq. (A.10) or
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Eq. (A.20) gives:

h∗ = −a2μE

iωgA
[C1 cosh(iμEx) + C2 sinh(iμEx)] (A.24)

It is assumed that, at the upstream end (with superscript “U”) of
the ith pipe section (i.e. x = 0), the boundary conditions are:

h∗ = h∗U
i ; q∗ = q∗U

i (A.25)

which results in the coefficients C1 and C2, as:

C1 = − ωgAi

a2
i μEi

h∗U
i , C2 = q∗U

i (A.26)

Similarly, at the downstream end (with superscript “D”) of the
ith pipe section (i.e. x = li), it has:

h∗ = h∗D
i+1; q∗ = q∗D

i+1 (A.27)

Therefore, Eqs (A.23) and (A.24) become:

q∗D
i+1 = cosh(iμEili)q∗U

i + 1
ZE

sinh(iμEili)h∗U
i (A.28)

h∗D
i+1 = ZE sinh(iμEili)q∗U

i + cosh(iμEili)h∗U
i (A.29)

where ZE = −μEia2
i

ωgAi
.

In matrix form, the results of Eqs (A.28) and (A.29) can be
written as:

{
q∗

h∗

}D

i

=
⎡
⎣ cosh(iμEili)

1
ZE

sinh(iμEili)

ZE sinh(iμEili) cosh(iμEili)

⎤
⎦ {

q∗

h∗

}U

i

(A.30)

Notation

a = wavespeed (m s−1)
A = pipe cross-sectional area (m2)
D = pipe diameter (m)
f = Darcy friction factor at initial flow state (–)
g = gravitational acceleration (m s−2)
h = transient pressure head (m)
h* = transient head in the frequency domain (m)
H = pressure head (m)
H 0 = mean pressure head (m)
i = imaginary unit (–)
l = length of uniform pipe section (m)
M = Mach number (–)
q = instantaneous transient discharge (m3 s−1)
qt = transient flow part (m3 s−1)
qt* = the percentage of transient part in the total flow (–)
Q = flowrate (m3 s−1)

Q0 = mean pipe discharge (m3 s−1)
Re0 = Reynolds number for initially steady state (–)
Ret0 = critical Reynolds number for the generated transient

flow state (–)
t = time (s)
Td = radial kinematic diffusion time scale (s)
Tw = longitudinal wave time scale (s)
x = spatial coordinate along pipeline (m)
ν = kinematic viscosity (kg m−1 s−1)
ρ = fluid density (kg m−3)
τw = pipe wall shear stress (Pa)
ω = frequency (rad s−1)
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