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1D – Water-Hammer Equations:

𝜕𝐻

𝜕𝑡
+
𝑎2

𝐴𝑔

𝜕𝑄

𝜕𝑥
= 0

𝜕𝑄

𝜕𝑡
+ 𝐴𝑔

𝜕𝐻

𝜕𝑥
= 0

Where, H = Pressure Head
Q = Flowrate
a  = wave-speed
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Let 𝑎2 =
𝐾

𝜌
be random such that:

𝐾

𝜌
=

𝐾

𝜌
+

𝐾

𝜌

′

→ 𝑎2 = 𝑎2 + 𝑎2
′

Therefore, H and Q are also random variables:

𝜕

𝜕𝑡
ℎ𝑜 + ℎ1 +⋯ +

1

𝑔𝐴
𝑎2 + 𝑎2

′ 𝜕

𝜕𝑥
𝑞𝑜 + 𝑞1 +⋯ = 0

𝜕

𝜕𝑡
𝑞𝑜 + 𝑞1 +⋯ + 𝐴𝑔

𝜕

𝜕𝑥
ℎ𝑜 + ℎ1 +⋯ = 0

Collecting 0th order terms:

𝜕ℎ𝑜
𝜕𝑡

+
𝑎2

𝐴𝑔

𝜕𝑞𝑜
𝜕𝑥

= 0

𝜕𝑞𝑜
𝜕𝑡

+ 𝐴𝑔
𝜕ℎ𝑜
𝜕𝑥

= 0
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1st order terms:
𝜕ℎ1
𝜕𝑡

+
1

𝑔𝐴
𝑎2

𝜕𝑞1
𝜕𝑥

+ 𝑎2
′ 𝜕𝑞𝑜
𝜕𝑥

= 0

𝜕𝑞1
𝜕𝑡

+ 𝐴𝑔
𝜕

𝜕𝑥

𝜕ℎ1
𝜕𝑡

= 0

Cross correlated 1st order terms with h1 gives:

𝜕

𝜕𝑡
< ℎ1, ℎ1 > +

𝑎2

𝐴𝑔

𝜕

𝜕𝑥
< 𝑞1, ℎ1 > +

1

𝐴𝑔

𝜕𝑞𝑜
𝜕𝑥

< 𝑎2
′
, ℎ1 > = 0

𝜕

𝜕𝑡
< 𝑞1, ℎ1 > +𝐴𝑔

𝜕

𝜕𝑥
< ℎ1, ℎ1 >= 0

Cross correlated (1) and (2) with q1: 

𝜕

𝜕𝑡
< ℎ1, 𝑞1 > +

𝑎2

𝐴𝑔

𝜕

𝜕𝑥
< 𝑞1, 𝑞1 > +

1

𝐴𝑔

𝜕𝑞𝑜
𝜕𝑥

< 𝑎2
′
, 𝑞1 > = 0

𝜕

𝜕𝑡
< 𝑞1, 𝑞1 > +𝐴𝑔

𝜕

𝜕𝑥
< ℎ1, 𝑞1 >= 0

Cross correlate (1) and (2) with 𝑎2
′
:

𝜕

𝜕𝑡
< ℎ1, 𝑎

2′ > +
𝑎2

𝐴𝑔

𝜕

𝜕𝑥
< 𝑞1, 𝑎

2′ > +
1

𝐴𝑔

𝜕𝑞𝑜
𝜕𝑥

< 𝑎2
′
, 𝑎2

′
> = 0

𝜕

𝜕𝑡
< 𝑞1, 𝑎

2′ > +𝐴𝑔
𝜕

𝜕𝑥
< ℎ1, 𝑎

2′ >= 0



• 0th Order Terms:

𝜕ℎ𝑜
𝜕𝑡

+
𝑎2

𝐴𝑔

𝜕𝑞𝑜
𝜕𝑥

= 0

𝜕𝑞𝑜
𝜕𝑡

+ 𝐴𝑔
𝜕ℎ𝑜
𝜕𝑥

= 0

• 1st Order Terms:

Cross correlation with h1:

𝜕

𝜕𝑡
𝜎ℎ1
2 +

𝑎2

𝐴𝑔

𝜕

𝜕𝑥
𝑐𝑜𝑣 ℎ1, 𝑞1 +

1

𝐴𝑔
𝑐𝑜𝑣 𝑎2

′
, ℎ1

𝜕𝑞𝑜
𝜕𝑥

= 0

𝜕

𝜕𝑡
𝑐𝑜𝑣 (𝑞1, ℎ1) + 𝐴𝑔

𝜕𝜎ℎ
2
1

𝜕𝑥
= 0

Cross Correlation with q1:

𝜕

𝜕𝑡
𝑐𝑜𝑣 ℎ1, 𝑞1 +

𝑎2

𝐴𝑔

𝜕𝜎𝑞1
2

𝜕𝑥
+

1

𝐴𝑔
𝑐𝑜𝑣 𝑎2

′
, 𝑞1

𝜕𝑞𝑜
𝜕𝑥

= 0

𝜕𝜎𝑞1
2

𝜕𝑡
+ 𝐴𝑔

𝜕𝑐𝑜𝑣 (ℎ1, 𝑞1)

𝜕𝑥
= 0

Cross Correlation with 𝑎2
′
:

𝜕

𝜕𝑡
𝑐𝑜𝑣 𝑎2

′
, ℎ1 +

𝑎2

𝐴𝑔

𝜕

𝜕𝑥
𝑐𝑜𝑣 𝑎2

′
, 𝑞1 +

1

𝐴𝑔
𝜎
𝑎2

′
2 𝜕𝑞𝑜

𝜕𝑥
= 0

𝜕

𝜕𝑡
𝑐𝑜𝑣 𝑎2

′
, 𝑞1 + 𝐴𝑔

𝜕

𝜕𝑥
𝑐𝑜𝑣 𝑎2

′
, ℎ1 = 0 5

Equation 03

Equation 04

Equation 05

Equation 06

Equation 07

Equation 08

Equation 02

Equation 01



• Taking Equation 7 & 8:

𝜕

𝜕𝑡
𝑐𝑜𝑣 𝑎2

′
, ℎ1 +

𝑎2

𝐴𝑔

𝜕

𝜕𝑥
𝑐𝑜𝑣 𝑎2

′
, 𝑞1 +

1

𝐴𝑔
𝜎
𝑎2

′
2 𝜕𝑞𝑜

𝜕𝑥
= 0

𝜕

𝜕𝑡
𝑐𝑜𝑣 𝑎2

′
, 𝑞1 + 𝐴𝑔

𝜕

𝜕𝑥
𝑐𝑜𝑣 𝑎2

′
, ℎ1 = 0

• Assumptions:

𝜎
𝑎2

′
2
 Known

𝜕𝑞𝑜

𝜕𝑥
 estimated using 1st order approximation

6
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𝑐𝑜𝑣 𝑎2
′
, 𝑞1 𝑃

=
(𝐶𝑃1 + 𝐶𝑁1)

2

𝑐𝑜𝑣 𝑎2
′
, ℎ1 𝑃

=
(𝐶𝑃1 − 𝐶𝑁1)

2𝐶𝑎

Where,

𝐶𝑎 =
𝐴𝑔

ത𝑎

𝐶𝑃1 = 𝑐𝑜𝑣 𝑎2
′
, 𝑞1 𝐴

+ 𝐶𝑎 𝑐𝑜𝑣 𝑎2
′
, ℎ1 𝐴

−
1

ത𝑎
𝜎
𝑎2

′
2 𝜕𝑞𝑜

𝐴

𝜕𝑥
∆𝑡

𝐶𝑁1 = 𝑐𝑜𝑣 𝑎2
′
, 𝑞1 𝐵

− 𝐶𝑎 𝑐𝑜𝑣 𝑎2
′
, ℎ1 𝐵

+
1

ത𝑎
𝜎
𝑎2

′
2 𝜕𝑞𝑜

𝐴

𝜕𝑥
∆𝑡
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𝑐𝑜𝑣 𝑞1, ℎ1 𝑃 =
(𝐶𝑃2 + 𝐶𝑁2)

2

𝜎𝐻
2
1 𝑃

=
(𝐶𝑃2 − 𝐶𝑁2)

2 𝐶𝑎

Where,

𝐶𝑃2 = 𝑐𝑜𝑣 𝑞1, 𝐻1 𝐴 + 𝐶𝑎 𝜎𝐻
2
1 𝐴

−
1

ത𝑎
𝑐𝑜𝑣 𝑎2

′
, 𝐻1

𝐴 𝜕𝑄𝑜
𝐴

𝜕𝑥
∆𝑡

𝐶𝑁2 = 𝑐𝑜𝑣 𝑄1, 𝐻1 𝐵 − 𝐶𝑎 𝜎𝐻
2
1 𝐵

+
1

ത𝑎
𝑐𝑜𝑣 𝑎2

′
, 𝐻1

𝐴 𝜕𝑄𝑜
𝐴

𝜕𝑥
∆𝑡
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𝑐𝑜𝑣 𝑎2
′
, 𝑄1 𝑃

=
(𝐶𝑃1 + 𝐶𝑁1)

2

𝑐𝑜𝑣 𝑎2
′
, 𝐻1 𝑃

=
(𝐶𝑃1 − 𝐶𝑁1)

2𝐶𝑎

Where:

𝐶𝑃3 = 𝜎𝑄1
2

𝐴
+ 𝐶𝑎 𝑐𝑜𝑣 𝐻1, 𝑄1 𝐴 −

1

ത𝑎
𝑐𝑜𝑣 𝑎2

′
, 𝑄1

𝐴 𝜕𝑄𝑜
𝐴

𝜕𝑥
∆𝑡

𝐶𝑁3 = 𝜎𝑄1
2

𝐵
− 𝐶𝑎 𝑐𝑜𝑣 𝐻1, 𝑄1 𝐵 +

1

ത𝑎
𝑐𝑜𝑣 𝑎2

′
, 𝑄1

𝐴 𝜕𝑄𝑜
𝐴

𝜕𝑥
∆𝑡
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CASE: Reservoir Pipe Valve

U/S Boundary Conditions:

• 𝑉𝑎𝑟 ℎ1 = 0

• 𝑉𝑎𝑟 𝑞1 = 𝑁𝑒𝑔. 𝐶ℎ𝑎𝑟𝑐.

• 𝑉𝑎𝑟 𝑎2
′
= 15% 𝑜𝑓 𝑎2

• 𝑐𝑜𝑣 ℎ1, 𝑞1 = 0

• 𝑐𝑜𝑣 ℎ1, 𝑎
2′ = 0

• 𝑐𝑜𝑣 𝑞1, 𝑎
2′ = 0

Initial Conditions:

• 𝑉𝑎𝑟 ℎ1 = 0

• 𝑉𝑎𝑟 𝑞1 = 0

• 𝑉𝑎𝑟 𝑎2
′
= 15% 𝑜𝑓 𝑎2

• 𝑐𝑜𝑣 ℎ1, 𝑞1 = 0

• 𝑐𝑜𝑣 ℎ1, 𝑎
2′ = 0

• 𝑐𝑜𝑣 𝑞1, 𝑎
2′ = 0

D/S Boundary Conditions:

• 𝑉𝑎𝑟 ℎ1 = 𝑃𝑜𝑠. 𝐶ℎ𝑎𝑟𝑐.

• 𝑉𝑎𝑟 𝑞1 = 0

• 𝑉𝑎𝑟 𝑎2
′
= 0

• 𝑐𝑜𝑣 ℎ1, 𝑞1 = 0

• 𝑐𝑜𝑣 ℎ1, 𝑎
2′ = 0

• 𝑐𝑜𝑣 𝑞1, 𝑎
2′ = 0
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ANALYTICAL SOLUTION OF

WATER-HAMMER EQUATIONS



The one dimensional water hammer equations are given below:

𝑎2
𝜕𝑄

𝜕𝑥
+ 𝑔𝐴

𝜕𝐻

𝜕𝑡
= 0

𝜕𝑄

𝜕𝑡
+ 𝑔𝐴

𝜕𝐻

𝜕𝑥
= 0

𝑄 and 𝐻 is divided into two parts:  “Steady” & “Unsteady”:

𝑄 = 𝑄𝑠 + 𝑞
𝐻 = 𝐻𝑠 + ℎ

Substitute 𝑄 and 𝐻 in continuity and momentum equation:

𝑎2
𝜕𝑞

𝜕𝑥
+ 𝑔𝐴

𝜕ℎ

𝜕𝑡
= 0

𝜕𝑞

𝜕𝑡
+ 𝑔𝐴

𝜕ℎ

𝜕𝑥
= 0

The governing equation for wave is:      
𝜕2ℎ

𝜕𝑡2
− 𝑎2

𝜕2ℎ

𝜕2𝑥
= 0



CASE: Reservoir Pipe Reservoir

Boundary condition for upstream & downstream reservoir : 

ℎ 𝑥0, 𝑡 = 0

ℎ 𝑥𝐿, 𝑡 = 0



The harmonic solution for ℎ is: 

ℎ 𝑥, 𝑡 = σ𝑛𝐴𝑛 𝑡 𝑠𝑖𝑛
𝑛𝜋

𝐿
𝑥

𝜕2ℎ

𝜕𝑡2
− 𝑎2

𝜕2ℎ

𝜕2𝑥
= 0

෍

𝑛

𝑠𝑖𝑛
𝑛𝜋

𝐿
𝑥 𝐴′′𝑛 𝑡 + 𝑎2𝐴𝑛 𝑡

𝑛2𝜋2

𝐿2
= 0 (1)

Taking the inner product of the equation (1) gives,

෍

𝑛

න
0

𝐿

𝑠𝑖𝑛
𝑛𝜋

𝐿
𝑥 ∙ 𝑠𝑖𝑛

𝑚𝜋𝑥

𝐿
𝑑𝑥 𝐴′′𝑛 𝑡 + 𝑎2𝐴𝑛 𝑡

𝑛2𝜋2

𝐿2
= 0



for 𝑛 ≠ 𝑚, 0׬
𝐿
𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿
∙ 𝑠𝑖𝑛

𝑚𝜋𝑥

𝐿
𝑑𝑥 = 0

for 𝑛 = 𝑚 ; 0׬
𝐿
𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿
∙ 𝑠𝑖𝑛

𝑚𝜋𝑥

𝐿
𝑑𝑥 ≠ 0

Thus,

෍

𝑛

න
0

𝐿

𝑠𝑖𝑛
𝑛𝜋

𝐿
𝑥 ∙ 𝑠𝑖𝑛

𝑚𝜋𝑥

𝐿
𝑑𝑥 𝐴′′𝑛 𝑡 + 𝑎2𝐴𝑛 𝑡

𝑛2𝜋2

𝐿2
= 0

𝐴′′𝑚 𝑡 + 𝑎2𝐴𝑚 𝑡
𝑚2𝜋2

𝐿2
=0

Assume 𝐴𝑚 𝑡 ≅ 𝑒𝑖𝜆𝑡

−𝜆2𝑒𝑖𝜆𝑡 +
𝑎2𝑚2𝜋2

𝐿2
𝑒𝑖𝜆𝑡 = 0

𝑒𝑖𝜆𝑡 −𝜆2 +
𝑎2𝑚2𝜋2

𝐿2
= 0



Here, 𝑒𝑖𝜆𝑡 ≠ 0

−𝜆2 +
𝑎2𝑚2𝜋2

𝐿2
= 0

𝜆 = ±
𝑎𝑚𝜋

𝐿
= ±𝜔

The solution for 𝐴𝑚 𝑡 is

𝐴𝑚 𝑡 = 𝐶1𝑒
𝑖𝜔𝑡 + 𝐶2𝑒

−𝑖𝜔𝑡

The general form for  ℎ is: 

ℎ𝑚 𝑥, 𝑡 = 𝐶1𝑒
𝑖𝜔𝑡 + 𝐶2𝑒

−𝑖𝜔𝑡 𝑠𝑖𝑛
𝑚𝜋

𝐿
𝑥



Using continuity equation we get,

𝑎2
𝜕𝑞(𝑥, 𝑡)

𝜕𝑥
= −𝑔𝐴

𝜕ℎ(𝑥, 𝑡)

𝜕𝑡

𝑎2
𝜕𝑞(𝑥,𝑡)

𝜕𝑥
= −

𝑔𝐴

𝑎2
𝑖𝜔𝐶1𝑒

𝑖𝜔𝑡 − 𝑖𝜔𝐶2𝑒
−𝑖𝜔𝑡 𝑠𝑖𝑛

𝑚𝜋

𝐿
𝑥 (2)

Integrate equation (2) with resepect to 𝜉,

න
0

𝑥 𝜕𝑞(𝜉, 𝑡)

𝜕𝜉
𝑑𝜉 = −න

𝑔𝐴

𝑎2
𝑖𝜔𝐶1𝑒

𝑖𝜔𝑡 − 𝑖𝜔𝐶2𝑒
−𝑖𝜔𝑡 𝑠𝑖𝑛

𝑚𝜋

𝐿
𝜉 𝑑𝜉

The general form for 𝑞 is:

𝑞𝑚 𝑥, 𝑡 =
𝑔𝐴𝑖

𝑎
𝐶1𝑒

𝑖𝜔𝑡 − 𝐶2𝑒
−𝑖𝜔𝑡 𝑐𝑜𝑠

𝑚𝜋

𝐿
𝑥 − 1


